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Abstract. In [4] we gave a variational definition of the nonlinear membrane 
energy under the constraint "det Vu 7^ 0" . In this paper we obtain the nonlin- 
ear membrane energy under the more realistic constraint "detVii > 0". 



1. Introduction 

Consider an elastic material occupying in a reference configuration the bounded 
open set C M.^ given by 

where e > is very small and S C is Lipschitz, open and bounded. A point of 



is denoted by {x, X3) with a; e E and 2:3 e] -§,§[■ Let W : M^^^ [0, -l-oo] be the 
stored-energy function supposed to be continuous and coercive, i.e., W{F) > C\F\p 
for all F S M'^^^ and some C > 0. In order to take into account the important 
physical properties that the interpenetration of matter does not occur and that an 
infinite amount of energy is required to compress a finite volume into zero volume, 
i.e., 

W{F) +00 as deti^ 0, 
where det-F denotes the determinant of the 3x3 matrix F, we assume that: 

(1) W{F) ^ +00 if and only if detF < 0; 

(2) for every S > 0, there exists cs > such that for all F € M^^^, 

if detF > 6 then W{F) < cs{l + \F\p). 

Our goal is to show that as e — > the three-dimensional free energy functional 
: W'^'P{T.^;R^) [0, -t-00] (with p > 1) defined by 

(3) E^{u):^-[ W(\7u{x,X3))dxdx3 

converges in a variational sense (see Definition 2.1) to the two-dimensional free 
energy functional E^mom : ^"^'^(S; M'^) — + [0, -l-oo] given by 

(4) £^mom(w) := / P^mcm(Vw(x))dx 

with Wmom : M''^^ [0,+oo]. Usually, E'mcm is called the nonlinear membrane 
energy associated with the two-dimensional elastic material with respect to the 
reference configuration S. Furthermore we wish to give a representation formula 

for Wmem- 
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To our knowledge, the problem of giving a variational definition of the nonlinear 
membrane energy was studied for the first time by Percivale in [18]. His paper deals 
with the constraint "detVw > 0" but seems to contain some mistakes (it never was 
published). Nevertheless, Percivale introduced the "good" formula for Wmem, i-e., 
Wynem = QWq wherc Wf) is given by (5) and QWq denotes the quasiconvex envelope 
of Wq. Then, in [17] Le Dret and Raoult gave a complete proof of percivale's 
conjecture in the simpler case where W is of p-polynomial growth, i.e., W{F) < 
c(l + \F\P) for all F e M'^^^ and some c > 0. Although the p-polynomial growth 
case is not compatible with (1) and (2) their paper established a suitable framework 
to deal with dimensional reduction problems (it is the point of departure of many 
works on the subject). After Percivale, Ben Belgacem also considered the constraint 
"detVu > 0" . In [8, Theorem 1] he announced to have succeed to handle (1) and (2). 
In [9], which is the paper corresponding to the note [8], the statement [8, Theorem 
1] is partly proved (however, a more detaillcd proof, but not fully complete, can be 
found in his thesis [7]). Moreover, for Ben Belgacem Wmem = QTZWq where TZWq 
denotes the rank one convex envelope of Wq (in fact, as we proved in [3,4], QRWq = 
QWq). Nevertheless, Bon Belgacem's thesis highlighted the role of approximation 
theorems for Sobolev functions by smooth immersions in the studying of the passage 
3D-2D in presence of (1) and (2). Recently, in [4] we gave a variational definition of 
the nonlinear membrane energy under the constraint "dctVu ^ 0" . In the present 
paper, using the same method as in [4] and some results of Ben Belgacem's thesis 
(mainly, Theorem A.l and Lemma 5.4), we obtain the nonlinear membrane energy 
under the more realistic constraint "detVu > 0" . 

An outline of the paper is as follows. The variational convergence of to i?mom 
as £ ^ as well as a representation formula for Wmem are given by Corollary 
2.9 in Sect. 2.4. Corollary 2.9 is a consequence of Theorems 2.5, 2.6 and 2.8. 
Roughly, Theorems 2.5 and 2.6 establish the existence of the variational limit of 
i?e as £ — » (see Sect. 2.2), and Theorem 2.8 gives an integral representation for 
the corresponding variational limit, and so a representation formula for Wmem (see 
Sect. 2.3). In fact. Theorem 2.8 is obtained from Theorem 2.6 which furnishes a 
"simplified" formula for the variational limit. 

Theorem 2.5 is proved in Section 4. The principal ingredients are Theorem 2.6 
and Theorem 3.4 whose proof (given in Section 3) uses an interchange theorem of 
infimum and integral that we obtained in [2]. (Note that the techniques used to 
prove Theorems 2.5 and 3.4 are the same as in [4, Sections 3 and 4].) 

Theorem 2.6 is proved is Section 5. The main arguments are two approximation 
theorems developed by Ben Belgacem-Bennequin (see [7]) and Gromov-Eliashberg 
(see [14]). These theorems are stated in Appendix A. 

Theorem 2.8 is proved in [4, Appendix A] (see also [3]). 



2. Results 

2.1. Variational convergence. To accomplish our asymptotic analysis, we use 
the notion of convergence introduced by Anzellotti, Baldo and Percivale in [5] in 
order to deal with dimension reduction problems in mechanics. Let tt = {TTeje be 
the family of maps tt^ : Wi'P(Se;M3) ^ W^i.p(S;R3) defined by 



1 /•§ 

7re(u) '■= - u{-,X3)dX3. 
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Definition 2.1. We say that Eg r(7r)-converges to .Emem as £ — > 0, and we write 
Emem = r(7r)- liirLg^o Ee, if the foUowing two assertions hold: 



(i) for all V e W^'Pi^:R^) and all {ue}e C K^), 

if ^^{Us) V in I,^'(5];M^) then -Emem(i') < Hm inf Es{us); 

(ii) for all v e W^'P {T,;R^) , there exists {u^}^ C W^'P{1:^;R^) such that: 

^^{us) — > u in Z/P(E;M^) and -Bmem(v) > linisupi^e('Ue). 



In fact, Definition 2.1 is a variant of Dc Giorgi's F-convergence. This is made clear 
by Lemma 2.3. Consider Se : W^^Pij:;R^) [0, +oo] defined by 



Definition 2.2. Wc say that 6^ F-converges to -Bmem as £ — > 0, and we write 
^mem = F- lim^^o £e if for every v e W^'P{1:;R^), 



where (F-liminf^^o ^e) (^') ■= inf { liminfg^o '?e(^e) '■ '^s v in M^)} and 

(F-limsup^^o^e) (^) := inf { limsup^^o ^eK) : ^ t; in Lp{1:;R^)}. 

For a deeper discussion of the F-convergence theory wc refer to the book [11]. 
Clearly, Definition 2.2 is equivalent to assertions (i) and (ii) in definition 2.1 with 
'^n{us) — > v" replaced by "u^ — > v" . It is then obvious that 

Lemma 2.3. .Bmem = r(7r)- limg^o E^ if and only if Emem = T- lime^o £e- 

The F(7r)-convergence of Eg, in (3) to i^mem in (4) as £ ^ as well as a rep- 
resentation formula for 14^1110111 are given by Corollary 2.9. It is a consequence of 
Theorems 2.5, 2.6 and 2.8. Roughly, Theorems 2.5 and 2.6 establish the existence 
of the F(7r)-limit of as £ — > (sec Sect. 2.2), and Theorem 2.8 gives an integral 
representation for the corresponding F(7r)-limit, and so a representation formula 
for Wmom (see Sect. 2.3). 

2.2. r-convergence of £^ as e ^ 0. Denote by C^(S;M'^) the space of all re- 
strictions to S of C^-differentiable functions from M? to M^, and set 



where div{x) (resp. d2v{x)) denotes the partial derivative of at a; = {xi,X2) with 
respect to Xi (resp. 2:2). (In fact, C^(E;R'^) is the set of all C"^-immersions from S 
to R^.) Let £ : W^'P{J:;R^) [0, +00] be defined by 



with (^ I C) denoting the element of M'^^^ corresponding to {£,,() G M^^^ x R^. 
(As W is coercive, it is easy to see that Wq is coercive, i.e., Wo(^) > C|^|p for all 
^ G M^^^ and some C > 0.) The following lemma gives three elementary properties 







where Wq : 
(5) 



[0, +00] is given by 

WoiO--^ inf VF(^IC) 
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of Wo (the proof is left to the reader). Note that conditions (1) and (2) imply Wq 
is not of p-polynomial growth. 

Lemma 2.4. Denote by A ^2 the cross product of vectors ^1,^2 € M^. 

(i) Wq is continuous. 

(ii) // (1) holds then Wo(^i | C2) = +00 if and only if A ^2 = 0. 

(iii) // (2) holds then: 

(6) for all 6 > 0, there exists cs > such that for all C = (^1 I C2) € M^^^, 

if la A 61 > ^ then Wo{0 <cs{l + ICD- 

Taking Lemma 2.3 into account, wc see that the existence of the r(7r)-limit of 

Eg as e ^ follows from Theorem 2.5. 

Theorem 2.5. Let assumptions (1) and (2) hold. Then r-lime^o^e = £ with 
£ : VF1'P(S;M3) [0,+oo] given by 

£{v) := inf i liminf £(w„) : W^'P{Y.;W^) 5 Vn ^ v m LP(I;;M^) I . 

The proof of Theorem 2.5 is established in Section 4. It uses Theorem 3.4 (see 
Section 3) and Theorem 2.6. 

Theorem 2.6. // (6) holds then £{v) = I{v) for all v e W^'P{E;R^), where 
I : W1'P(S;M3) ^ [0,+oo] is given by 

I{v) := inf |lim|nf J Wo{\7vn{x))dx : W^'P{T,;R^) B Vn ^ v in Lf(E;IR^)| . 

Theorem 2.6 is proved in Section 6 by using two approximation theorems de- 
veloped by Ben Belgacem-Bennequin (see [7]) and Gromov-Eliashberg (see [14]). 
These theorems are stated in Appendix A. 

2.3. Integral representation of X. From now on, given a bounded open set 
D C M.'^ with \dD\ = 0, we denote by Afr(D;]R^) the space of all continuous 
piecewise affine functions from D to M^, i.e., v G Aff(£);M^) if and only if v is 
continuous and there exists a finite family {Di)i,zj of open disjoint subsets of D 
such that \dDi\ = for all i & I, \D\ Uig/Di| = and for every i G I, Vv{x) = ^ 
in Di with ^ € M^^^ (where | • | denotes the Lebesgue measure in M^). Define 
ZVFo :M3x2 ^ [0,+oo] by 

(7) ZWoiO ■=miy^Wo{^ + V<P{y))dy:<P€ASo{Y;M.^)^ 

where Y :=]0, and Afro(r;M3) := {(j) e Afr(y;R3) : = Q on dV}. (As Wq is 
coercive, it is easy to see that ZWq is coercive.) Recall the definitions of quasicon- 
vexity and quasiconvex envelope: 

Definition 2.7. Let / : M^^^ — > [0, +00] be a Borel measurable function. 

(i) We say that / is quasiconvex if for every ^ G M^^^^, every bounded open 
set £> c with \dD\ = and every G Wq'°°{D; 



/(e)<^^/(e+v^(x))dx. 



(ii) By the quasiconvex envelope of /, we mean the unique function (when it 
exists) Qf : M^^^ [0, +00] such that: 
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- Qf is Borel measurable, quasiconvex and Qf < /; 

- for all g : M^^^ [0,+oo], if g is Borel measurable, quasiconvex and 
g<f, then g < Qf. 

(Usually, for simplicity, we say that Qf is the greatest quasiconvex function 
which less than or equal to /.) 

Under (6), we proved that ZWo is of p-polynomial growth and so continuous 

(see [4, Propositions A. 3 and A.l(iii)]) and that ZWo is the quasiconvex envelope 
of Wo, i.e., ZWo = QWo (see [4, Proposition A.5]). Taking Theorems 2.5 and 
2.6 together with Lemmas 2.3 and 2.4(iii) into account, we see that Theorem 2.8 
gives an integral representation for the r(7r)-limit of as e — > as well as a 

representation formula for Wmem. 

Theorem 2.8. // (6) holds then for every v G W^'P{T,;R^), 

I{v) = j QWo{Vv{x))dx. 

Theorem 2.8 is proved in [4, Appendix A] (see also [3]). 

2.4. r(7r)-convergence of to E'mem as s — >■ 0. According to Lemmas 2.3 and 
Lemma 2.4(iii), a direct consequence of Theorems 2.5, 2.6 and 2.8 is the following. 

Corollary 2.9. Let assumptions (1) and (2) hold. Then as e ^ 0, in (3) 
T{-k)- converge to £^mem in (4) with Wmem = QWo- 

Remark 2.10. Corollary 2.9 can be applied when W : M?^^ — > [0, +oo] is given by 

W{F) ■= /i(detF) + \F\P, 

where /i : M — > [0, +o6\ is a continuous function such that: 

- h{t) = +00 if and only if t < 0; 

- for every ^ > 0, there exists > such that h{t) < rs for all t> 5. 



3. Representation of £ 

The goal of this section is to show Theorem 3.4. To this end, we begin by proving 
two lemmas. 

For every v € C^(E;R^) and j > 1, we define the multifunction Aj : I]=tM3 by 
A^(a;) := |c e : det(Vu(a;) | C) > j| • 

Lemma 3.1. Let v G Ci(S;R3). Then: 

(i) for every j > 1, AJ is a nonempty convex closed-valued lower semicontin- 
uous^ multifunction] 

(ii) for every x e S, Al{x) C • • • C Al{x) C • • • C Uj>iA^(a:) = Ay{x), where 
A^(x) := {C e M3 : det(Vt;(a;) | C) > 0}. 



"'"A multifunction A : S ^ R'"* is said to be lower semicontinuous if for every closed subset X 
of R"^, every a; G S and every {xn}n>i C S such that \xn — a;| — » as n ^ +00 and A(a;„) C X 
for all n > 1, we have A(x) C X (see [6] for more details). 
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Proof, (ii) is obvious. Prove then (i). Let j > 1. It is easy to see that for every 
X G T,, Al{x) is nonempty, convex and closed. Let X be a closed subset of R"^, let 
x € S, and let {x„}„>i C S such that |a;„ — a;| — > as n — > +oo and Al{xn) C X 
for all n>l. Let C e H{x) and let {Cm}m>i C be given by ■= ( + i^C- 
Then, for every m > 1, 

(8) det(Vw(x) I Cm) = det(Vu(x) I C) + — det(Vw(x) I C) > - + — • 

Fix any m > 1. Since det(Vi;(a:;„) | Cm) — >■ det(Vw(a;) | Cm) as n — !■ +00, using (8) 
we see that det(Vu(a;„(,) | Cm) > j for some no > 1, so that Cm G A:j(a;„o). Thus 
Cm € -'^ for all m > 1. As X is closed we have C = linim^+oo C,m & X. □ 

In the sequel, given A : S^K^ we set 

C(E; A) e C(E;M''') : (t){x) e A(x) for all x e s|, 

where C(S;R'^) denotes the space of all continuous functions from S to M^. 
Lemma 3.2. Given v G C;^(I];M^) and j > 1, if {2) holds, then 

inf [ W(Vv{x)\^{x))dx= [ inf W(Vv{x) \ C)dx. 

To prove Lemma 3.2 we need the following interchange theorem of infimum and 
integral (that we proved in [2, Corollary 5.4]). 

Theorem 3.3. Let T : S^M^ let f : T, x M.^ ->■ [0, +00]. Assume that: 
(Hi) f is a Caratheodory integrand; 

(H2) r is a nonempty convex closed-valued lower semicontinuous multifunction; 
(H3) C(E; r) ^ and for every </), G C(E; T), 



L 



max f(x,a<f){x) + (1 — a)(j}{x))dx < +00. 
s ae[o,i] 



inf / f(x,4){x))dx = / inf f(x,Qdx. 

C(E;r)jE jECer(a:) 



Proof of Lemma 3.2. Since is continuous, (Hi) holds with /(x, C) = VF(Vw(a;) | 
C). Lemma 3.1 shows that (H2) is satisfied with F = Aj, and C(S;A:^) ^ (for 
example $ : S ^ defined by (12) belongs to C(S; A^)). Given (j),4>e C(S; Aj), 
it is clear that det(Vu(a;) | a(j){x) + (1 — a)(f>{x)) > 1/j for all a G [0,1] and all 
a; G E. By (2) there exists c > depending only on j, u, (j) and such that 
W{\/v{x) I a(/)(a;) + (1 - Q;)(^(a;)) < c for all a; G S. Thus (H3) is verified with 
f{x, C) = W{'Vv{x) I C) and T = A^, and Lemma 3.2 follows from Lemma 3.3. □ 

Here is our (non integral) representation theorem for £. 
Theorem 3.4. //(I) and (2) hold, then for every v G Clijl; 

(9) £{v) = inf inf / WNv{x) \ (j){x))dx. 

J>l<^£C(S;Ai)iE 
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Proof. Fix V e C^(S;]R^) and denote by £{v) the right-hand side of (9). It is easy 
to verify that £{v) < £{v). We are thus reduced to prove that 

(10) S{v) < S{v). 
Using Lemma 3.2, we obtain 

(11) £{v) < inf / inf WNv{x) \ C)dx. 

Consider the continuous function $ : S ^ M'^ defined by 

div{x) A d2v{x) 



(12) ^x) :- 



\div{x) A d2v{x)\ 



2 ■ 



Then, det(V?;(a;) | $(a;)) = 1 for all x G 'E. Using (2) we deduce that there exists 
c > depending only on p such that 

It follows that inf<^£Ai(-) W{'Vv{-) \ Q £ i^(S). From Lemma 3.1(i) and (ii), we 
see that {inf^^^j W{Vv{-) \ C)}j>i is non-increasing, and that for every a; e S, 

(13) inf inf W (Vv{x) \ () = Wo(Vv{x)) , 

i>lCGAj(2;) 

and (23) follows from (11) and (13) by using Lebesgue's dominated convergence 
theorem. □ 

4. Existence of F- lim 

e->0 

In this section we prove Theorem 2.5. Since F- lim inf £_>o f £ < F-limsup^^o 
we only need to show that: 

(a) £ < F- lim inf f^; 

£—►0 

(b) F- lim sup 4 <£. 

In the sequel, we follow the notation used in Section 3. 

4.1. Proof of (a). Let v G W'^^p{E;R^) and let {ve}e C W^'P{T,;R^) be such that 
Vs ^ V in LP{T,;M.^). We have to prove that 

(14) limiTd£^{ve)>£{v). 

£— »0 

Without loss of generality we can assume that sup^^Q £e{vs) < +oo. To every s > 
there corresponds G 7r~^{v^) such that 

(15) £e{ve) > Ee{u,) - e. 
Defining : Si ^ K"^ by iig^x^xs) := Ue{x,ex3) wo have 

(16) Es{Us) = / w(^dlUs{x,X3) I d2Ue{x,X3) \ -d3Us{x,X3)^dxdX3. 

Using the coercivity of W, we deduce that ||93U£||j^p(j^j.g3) < ce^ for all e > and 

some c > 0, and so \\ue — Ve\\Lp(T,i-M^) < c'e^ by Poincare-Wirtingcr's inequality, 
where c' > is a constant which does not depend on e. It follows that Ue ^ v in 
if(Si;M3). For xs g] - |, |[, let w^'> G W^1'P(S;R3) given by w^^{x) := Ueix,X3). 
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Then (up to a subsequence) — > i; in L^'(S;R^) for a.e. xz g] — \, \[. Taking 
(15) and (16) into account and using Fatou's lemma, we obtain 

liminf ^^(i;^) > j"" ^liminf j Wo{Vwl^ {x))dx^ dx^, 

and so liminfe^o £e{ve) > '^{v), and (14) follows by using Theorem 2.6. □ 

4.2. Proof of (b). AsT-lim supg^Q £g is lower semicontinuous with respect to the 
strong topology of 1/^(5]; R^) (sec [11, Proposition 6.8 p. 57]), it is sufficient to 
prove that for every v £ C^(E;] 



(17) limsupf:e(i^) < f(i^)- 



£->0 



Given v G Ci(S; M^), fix any j > 1, and any n > 1. Using Theorem 3.4 we obtain 
the existence oi (f) € C(E; A^) such that 

(18) [ W{Vv{x)\(t){x))dx<S{v) + -. 

By Stone- Weierstrass's approximation theorem, there exists {(/>/c}fe>i C C°°(E;IR^) 
such that 

(19) (j)k ^ 4> uniformly as ^ +oo. 
We claim that: 

(ci) dct(Vu(x) I (j)k{x)) > — for all x e E, all > ky and some fc„ > 1; 

2j 

(ca) lim / W(Vv{x) \ (j)kix))dx = [ W(Vv{x) \ (f>{x))dx. 

Indeed, setting fiy := sup^^j^ \9iv{x) A d2v{x)\ {^y > 0) and using (19), we deduce 
that there exists ky > 1 such that for every k > ky, 



(20) sup I <j)k {x) -(l^ix)] < . 



Let X e E, and let A; > As ^ e C(E; A{,) we have 

(21) det(Vt;(a;) | (j)k{x)) > i - det(Vv(3;) | 0fc(a;) - 0(a;)). 

Noticing that det(Vi;(a:;) | (l)k{x)~(f){x)) < \div{x) Ad2v{x)\\(f>k{x) — (f){x)\, iiom (20) 
and (21) we deduce that det(Vi;(,T) | (f)k{x)) > and (ci) is proved. Combining 
(ci) with (2) we see that supj,>j,^ W{'Vv{-) \ (pki-)) G i^(E). As W is continuous 
we have limfc^+oo Vr(Vw(x) | (f>k{x)) = W{Vv{x) \ 4'{x)) for all x & V, and (ca) 
follows by using Lebesgue's dominated convergence theorem, which completes the 
claim. 

Fix any k > ky and define :] — ^,^[-^ R by 9{x3) := inf^gj^det(Vu(x) + 
xsV4'k{x) I 4)k{x)). Clearly 9 is continuous. By (ci) we have 6{0) > and 
there exists r/y g]0, ^[ such that ^(xs) > jj for all x^ €] — riy,r]y[. Let u;; : Ei — 
be given by u/j(x, X3) := v{x) + x^(j)k{x). From the above it follows that 

(cs) detV'U/c(x, exs) > ^ for all e G]0,ry^[ and aU (x,X3) e Ex] — i, i[. 



so 
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As in the proof of (ci), from (cs) together with (2) and the continuity of W, we 
obtain 

(22) \im E^{uk) = lim / W{Vuk{x,exs))dxdxs = / W{'Vv{x) \ (j)k{x))dx. 

For every e > and every k > ky, since i^e{uk) = v we have £e{v) < Eg{uk)- 
Using (22), (02) and (18), we deduce that 

nmsup£e(z;) < £(v) + — , 

and (17) foUows by letting n ^ +00. □ 

5. A SIMPLIFIED FORMULA FOR £ 

In this section, wc prove of Theorem 2.6. It is based upon two approximation 
theorems by Ben Belgacem-Bennequin (see Sect. A.l) and Gromov-Ehasberg (see 
Sect. A.2). 

Recall the definition of rank one convexity and rank one convex envelope: 

Definition 5.1. Let / : M^x^ ^ [Q, +oc] bo a Borel measurable function. 

(i) We say that / is rank one convex if for every a €]0, 1[ and every ^, ^' G M'^^^ 
with rank($-^') = l> 

f{a^ + (1 - a)a < afiO + (1 - a)f{e). 

(ii) By the rank one convex envelope of /, that we denote by TZf, we mean the 
greatest rank one convex function which less than or equal to /. 

In [7, Proposition 7 p. 32 and Lemma 8 p. 34] (sec also [9, Sect. 5.1], [19, 
Proposition 3.4.4 p. 112] and [20, Lemma 6.5]) Ben Belgacem proved the following 
lemma that we will use in the proof of Theorem 2.6. (As Wq is coercive, it is easy 
to see that TZWq is coercive.) 

Lemma 5.2. // (6) holds then: 

(i) nWoiO < c(l + 1^1^) for all ^ e M3x2 and some c> 0; 

(ii) TZWo is continuous. 

Define I : W^^p{Y.;M.^) [0, +00] by 

I{v) := inf iliminf / Wo{\/Vnix))dx : Afrii(E; R^) 3 Vn ^ v in LP{T,; R^) 
J J, 

with Affii(E;R3) — g Afr(S;R3) ; y [g locally injective} (Aflt(E;M3) is defined 
in Sect. 2.3). To prove Theorem 2.6 we will use Proposition 5.3. 

Proposition 5.3. I = J with J : W^'P{T,;R^) [0, +00] given by 
J{v) := inf iliminf / nWQ{Vvn{x))dx : Affii(S;M^) B Vn ^ v in LP {J:;R^)\ . 

l"^+°°JE J 

To prove Proposition 5.3 we need Lemma 5.4 whose proof is contained in the 

thesis of Ben Belgacem [7] . Since it is difficult to lay hands on this thesis (which is 
written in French), we give the proof of Lemma 5.4 in appendix B. 

Lemma 5.4. I{v) < j nWQ{Vv{x))dx for all v e Afrii(E; R^). 
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Proof of Proposition 5.3. Clearly J < I. We are thus reduced to prove that 
(23) I <J. 

Fix any v € W^^'P(I];R^) and any sequence Vn ^ v in Lp{T,;M.^) with u„ e 
Affii(S;M3). Using Lemma 5.4 we have /(v„) < J^1ZWo{Vvn{x))dx for all n > 1. 
Thus, 



I{v) < liminf < liminf / nWo{Vvn{x))dx, 

and (23) follows. □ 
Proof of Theorem 2.6. We first prove that 

(24) £ <I. 

As in the proof of Proposition 5.3, it suffices to show that if u G Affii(S; R^) then 

(25) £{v) < j WQ{Vv{x))dx. 

Let V G Affii(S; R^). By Theorem A.l-bis (and Lemma A. 2), there exists {vn}n>i C 
CKS;M-'') such that (28) and (29) holds and Vv„(a;) Vv{x) a.e. in S. As Wq is 
continuous (see Lemma 2.4(i)), wc have 

lim WoNvJx)) =Wo{Vv{x)) a.c. in S. 

Using (6) together with (29), we deduce that there exists c > such that for every 
n > 1 and every measurable set A c S, 

WQ{Vvr,{x))dx <c{\A\+ j \Vvn{x) -Vv{x)\Pdx + j \Vv{x)Y'dxy 

But Vw„ -> Vv in LP(S;M3x2) by (28), hence {VKo(Vw„(-))}„>i is absolutely 
uniformly integrablc. Using Vitali's theorem, we obtain 



lim / Wo{'sIVn{x))dx = f Wo{V 



v{x))dx, 



and (25) follows. 
We now prove that 

(26) J < J, 
with J : W^-p(J:; R^) [0, +oo] given by 

J{v) := infi liminf / 7^VFo(V^;„(x))dx : W^'P{1:;R^) 3 Vn ^ v in I,f(E;R3)l . 

It is sufficient to show that 

(27) J{v) < [ nWo{Vv{x))dx. 

Let V e Wi'P(S;R3). By Corollary A.6, there exists {vn}n>i C Afrii(S;M3) such 
that Vvn Vv in Lp(S;R^) and Vvn{x) —>■ Vv{x) a.e. in S. Taking Lemma 5.2 
into account, from Vitali's lemma, we see that 

lim / ■JlWo{Vvn{x))dx = [ nWo{Vv{x))dx, 

and (27) follows. 
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Noticing that I < £ and J < J, and combining Proposition 5.3 with (24) and 
(26), we conclude that £ =1. □ 

Appendix A. Approximation theorems 

A.l. Ben Belgacem-Bennequin's theorem. Denote by AfF^^(E; R"^) the space 
of Ekeland-Temam continuous piecewise afhne functions from E to M'^, i.e., u € 
Aff'^'^(S;M^) if and only if v is continuous and there exists a finite family (Vi)jg7 

of open disjoint subsets of S such that |E \ Uig/Pi| = and, for every i E I, the 
restriction of v to Vi is affine. Note that from Ekeland-Temam [12], we know that 
Aff^'^(E;R3) is strongly dense in W^i^p(E; M'"'). Set 

Afff^(E;R3) := |^ g Aff^^(E;R3) ; y [g locally injective}. 

In [7, Lemma 8 p. 114] (sec also [19, Proposition CO. 4 p. 127] and [20, Lemma 
1.3]) Ben Belgacem and Bennequin proved the following result. 

Theorem A.l. For every v G Afff ^(E; M^)^ fhere exists {vn}n>i C C^1(E;IR3) 
such that: 

(28) Vn^vin W^'P{T,;R^y, 

(29) \diVn{x) A d2Vn{x)\ > S for all a; e E, all n>l and some S > 0. 

Denote by Aff^(E;IR3) the space of Vitali continuous piecewise affine functions 
from E to (introduced by Ben Belgacem in [7, 9]), i.e., v S Aff^(E;R3) if 
and only if v is continuous and there exists a finite or countable family {Oi)i(zi of 
dsjoint open subsets of 'E such that \dOi\ = for all i G I, |E \ Ujg/Oi] = 0, and 
i>{x) ^ ^i-x + Oi if X e Oi, where Oi e R^, e M^^^ and Card{^i : i € 1} is finite. 
In [19, Lemma 3.1.5 p. 99] Trabelsi remarked that Theorem A.l can be generalized 
replacing the space AfFj; (E;R'^) by 

AfriY(E;R3) := ji; e Aff^(E;R3) ; ^ is locally injective}. 

Theorem A.l-bis. For every v e AffiY(E;R3), there exists {w„}„>i C Ci(E;R3) 
satisfying (28) and (29). 

Here we consider the space Aff(S;R^) defined in Sect. 2.3. It is clear that 
Afr'^^(E;R3) c Aff(E;R3)^ and so Aff(E;R3) ig strongly dense in W^'P{T,;R^). 
Moreover, we have 

Lemma A.2. Aff^(E; R^) = Aff(E; R^). 

Proof Setting A := {x € Uie/O, : S/v{x) = with v G Aff^(E;R3), we see that 
Card{A : i e /} is finite. Thus Aff^(E;R3) c Aff(E;R3). Given v G Aff(E;R3), 
let {Oj)j^j^ be the connected components of Di with i G / (where / is finite). Since 
Di is open, Oj is open for all j G Jj, hence Ji is finite or countable because is 
dense in R^. Moreover, for each j G Ji, the restriction of v to Oj is affine. Thus 
Aff(E;R3) c Aff^(E;R3). □ 
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A. 2. Gromov-Eliashberg's theorem. In [14, Theorem 1.3.4B] (see also [15, The- 
orem B[ p. 20]) Gromov and Eliashberg proved the following result. 

Theorem A. 3. Let 1 < N < m be two integers and let M be a compact N-di- 
mensional manifold which can be immersed in M™. Then, for each -dijjerentiable 
function v from M to K™ there exists a sequence {vn}n of -immersions from M 
to M"* such that Vn ^ v in VF1'P(M;M™). 

In our context, we have 

Theorem A. 4. For every v G C^(S;IR^) there exists {w„}„>i C C;J(S;M^) such 
that Vn^v m W^'P{T.;M.^). 

Moreover, from [19, Proposition 3.1.7 p. 100], we have 

Proposition A. 5. For every v e C1(S;M3) there exists {vn}n>i C ASfJ{Y,;R^) 

such that Vn^v m T4^1'P(S; M^). 

Thus, as a consequence of Theorem A. 4 and Proposition A. 5, we obtain 
Corollary A.6. Affjf ^(S; K^) is strongly dense m W^'P{T,;R^). 

Appendix B. Ben Belgacem's lemma 
In this appendix we prove Ben Belgacem's lemma, i.e.. Lemma 5.4. 

B. l. Preliminaries. Define the sequence {TZiWo}i>o by TZqWo = Wq and for ev- 
ery i > 1 and every ^ G M^^^, 

Tli+iWoiO ■■= inf {{l-t)n^Wo{^-ta'»b)+tTZiWo{^+{l-t)a^b)]. 

*e[o,i] 

Recall that Wq is coercive and continuous (see Lemma 2.4(i)). The following lemma 
is due to Kohn and Strang [16]. 

Lemma B.l. T^-j+iWo < T^jWo for all i>0 and TZWq = infj>o T^jWo. 

Fix any i > and any v G Afrii(E; M^) := {v G Afr(E; M^) : v is locally injective} 
(with Aff(S;]R^) defined in Sect. 2.3). By definition, there exists a finite family 
{Vj)jQj of open disjoint subsets of S such that \dVj \ = for all j G J, \T,\UjQjVj \ = 
and, for every j G J, Vv{x) = in Vj with G M^^^. (As v is locally injective 
we have rank(^j) = 2 for all j G J.) Fix any j G J. For a proof of Lemmas B.2 and 
B.3 wc refer to [19, Proposition 3.1.2 p. 96]. 

Lemma B.2. TZiWo is continuous. 

Lemma B.3. There exist a e M^, & £ and t e [0, 1] such that 

n^+lWo{^j) = (1 - t)^Z^Wo{^,j -taC^b) + tUiWoi^j + (l - t)a ® 6). 

Without loss of generality we can assume that a = (1,0). For each n > 3 and 
each fc G {0, • • • , n - 1}, consider „, Bfc,„, Cfc,„, Cfe-„, C+„ C Y 

given by: 

^- {{xi,X2) G y : - < xi < + and i < a;2 < 1 - i|; 

:= {{xi,X2) G y : ^ + < a;i < ^ and i <a;2 < 1- i); 
Bk,n := {(a;i,a;2) G F : | < a;i < ^ and < 0:2 < + ^}; 
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Ck,n 



:= {{xi,X2) e Y 
:= {{xi,X2) e Y 
[{xi,X2) G Y 
{xi,X2) G Y 
and define {ct„}„>i C Afro(y;M) by 



-a;2 + ^ < Xl < -te2 + ^ and < X2 < i}; 
-te2 + ^ < a;i < ^ and < X2 < i}; 



^ < a;i < and a;i + 1 - ^ < .E2 < l}; 
X2~l + ^ <xi< t(x2 - l) + ^ and < X2 < i}; 
t(x2 - 1) + ^ < Xl < ^ and < :r2 < i}, 



a'„(a;i,a;2) := 



(see Figure B.l). 



(l-i)(xi-^) 

-t{x^+X2-^) 



if (xi,a;2) G „ 
if(xi,X2)GA+„UB+„UC+, 

if (xi,a;2) G 



-t(xi - a;2 + 1 - ^) if (xi, X2) G C^", 
if (a;i,a;2) G -Bfe,„ U Cfc,„ 






l-t J_ 2-t 2^ . . . i fc + l-t + 1 . . . n-1 n-t \ Xi k k+l-t k + 1 

Figure B.l. The function cr„ and the sets ^fc,„, -4+^, Bji,„, , Cfc,„, C^^^, C^.^- 

Set 

r ?; if 6 ^ Im^j 

^ \ 5 + it/ if 6 G Imej 

(with Im^j := {^j • a; : a: G M^}) where £ > 1 and G is a normal vector to Im^j. 
Lemma B.4. Define {en,t}n,e>i C Affo(F;M^) by 

OnA^) '■= (^n{x)be. 

Then: 

(i) for every £>!, 9^,1 in LP(Y:R^); 

(ii) hm hm / -RiWoi^j +Ve„Ax))dx =ni+iWo{^j). 

^— >+oo n— >+C» ^/y 
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Proof, (i) It suffices to prove that (7„ ^ in LP{Y; M). For every k G {0, 

(in* 

\an{x)\Pdx < 

J]i,-5±i[x]0,l[ 

As 



it is clear that \an{x)\P < ^^^^ for aU a; e]|, ^[x]0, 1[, and so 

tp{i - ty 



-1}, 



P n— 1 „ 



it foUows that 

which gives the desired conclusion. 

(ii) Recalling that a = (1,0) we see that 



' -ta^bi if X e int(Aj,_,J 

+ (1 - t)a ®ht if a: e int(A^„ U S+„ U C+„) 

- i(a + a^) (Si be if x e int(Bfc 

- t{a - a-^) S be if a; e int(Cjr„) 
if .X e int(Bfe;„)Uint(Cfc.,0 

with a-"" = (0, 1) (and int(i^) denotes the interior of the set E). Moreover, we have: 
/ TliWoi^j -ta® bi)dx = (1 - t){l - f )7^^Wo(0 -ta® be); 

I niWoiij + (1 - t)a (g) be)dx = t{l - l)n,Wo{£,j + (1 - t)a ® be); 

I T^iWoi^j + (1 - t)a ® be)dx = ^7^iWo(Ci + (1 - t)a ® be); 

/ TliWoi^j - t{a + a^) (g) be)dx = ^TI^Wq{£,j - t{a + a^) ® be); 

TliWoi^j - t{a - a-L) (g) be)dx = ^7^^^^o(Cj - t{a - o"^) O be); 

[ ■RiWoiij)dx = ^7^,Wo(G)• 

■^U^^o(Bjc,„UCfc,„) 

Hence 

j TliWoi^j + S/enAx))dx = (l-^^^{l-t)TZiWo{^j-ta'Sbe) + t'R.iWo{^j 



+il-t)a 

l-t 



tniWo{^j + {l-t)a 



n^Woi^j - t{a + a-L) ® be) + UiWoi^j 

t{a-a-^)Sbe)) +7^iWo(^J•) 
for all n,^ > 1. It follows that for every i>l, 

lim / n.iWo{^j+V6nAx))dx = {l-t)1liWo{^j -taSbe) 

n—>+oo Jy 

+tniWo{^j + il-t)aS)be). 
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Taking Lemma B.2 into account and noticing that be b, wo deduce that 
Hm Urn / TZiWoiCj +'^One{x))dx = {1 - t)TZ^Woi^, - ta <^ b) 

^— >+oo n^+oo Jy ' 

+tniWo{^j + {l-t)a(^b), 
and (ii) follows by using Lemma B.3. □ 

Consider C Vj given by Vg^ := {x € Vj : dist{x,dVj) > ^} with q > 1 
large enough. By Vitali's covering theorem, there exists a finite or countable family 

(^m + Pmy)m£M of disjoiut subscts of , with rm & and p„i g]0, 1[, such that 

\ ^rneAlirm + PmY)\ = (and so EmeM^m = \^q\)- ^Ct {(l)nAq}n,e,q>i ^ 

Affo(V, ;IR3) be given by 
<l>n,e,q{x) ■■= 

iixeVj\Vf 
Lemma B.5. Define {*^,^, Jn,^,g>i C AS{Vj;R^) by 
(30) ^^^i^g{x):=v{x)+cP„,eAx). 
Then: 



X — T 

Pm0n,e { — ] lix erm + PmY C 



(i) for every n,i,q > 1, e „ ^-^ locally injective; 



(ii) for every i,q>l, $„^£.q v in iP(V^ ; R-^); 

(iii) hm hm hm / TliWo{V<^leJ^))dx = \Vj\ni+,Wo{^j). 

q—^+(x e^+oo n—^+(X Jy. ' 

Proof, (i) Let x and let W GVj he the connected component of Vj such that 
X W (as Vj is open, so is W). Since Vv = in W, there exists c e R"^ such that 
v{x') = ■ x' + c for all x' e VK. Wc claim that ^n£q[w is injective. Indeed, let 
x' gW he such that <f>^ ^ ,(2;) = £ ^(2^')- One the three possibilities holds: 

(a) <,£,,(a;)^ = ■ a; + c + p™a„(2^)6^ and ^i^.Jx') = ■ x' + c + 

Pm'(Tn{^^^^^)bf, 

(b) K,i,q{^) = • a; + c + p^Gn,i{^^)bi and $l,£,,(a;') = • a;' + c; 

(c) *l£,9(a;) = • a; + c and (x') = • a;' + c. 

Setting a := PmC7„(2^) _ p^,o-„(£^^^) and /? := Pm(^n{^^) we have: 

f (x' - a;) = if a = , ... , . ^ , 
< 1 ^ / , N -r , „ when (a) is satisfied; 

r C, (a;'-a;) =0 if /3 = , „ , . . , , 
[be = i^, (x' - a;) if /? 7^ ^^^'^ 

^j(x' — x) = when (c) is satisfied. 
It follows that if a; ^ x' then cither rank(^j ) < 2 or 6^ G Im^j which is impossible. 
Hence x = x', and the claim is proved. Thus <I>^ £ g is locally injective. 
(u) As pm e]0, 1[ for aU m G M and J2meM Pm = l^/l we have 



Jv„' Jy 
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Using Lemma B.4(i) we deduce that for every £,q > 1, 

lim / \(l)npJx)fdx = 0, 



and (ii) follows. 

(iii) Recalling that Y^^^m Pm = see that 

/ niWo{V^i^(x))dx = [ niWo{^j + y(l)n,e,q{x))dx 
Jv, ' ' Jv, 

= ! Tl,Wo{ij + Wcl)n,e,g{x))dx + \Vj \ V^lUiWoi^j) 
Jvi 

= \Vi\j^ UiWoi^j + V6^,,{x))dx + \V^ \ vi\niWo{^^). 

Using Lemma B.4(ii) we deduce that for every q > 1, 

hm lim / niW,{^^l,^^{x))dx = |y,^"|7^,+ll^ote) + \Vi \ V^,^ |7^iW^ofe■), 

f — » + 00 n— » + 00 Jy^ ! >M II 

and (iii) follows by noticing that \V^\ \Vj\ and \Vj \ \^^| 0. □ 

B.2. Proof of Lemma 5.4. According to Lemma B.l, it is sufficient to show that 
for every i > 0, 

(Pi) I{v) < j ■RiWo{Vv{x))dx for all v G Afrii(S;M3). 

The proof is by induction on i. As RoWq = Wq it is clear that (Pq) is true. Assume 

that [Pi) is true, and prove that (Pi+i) is true. Let v G Affii(5]; R''). By definition, 
there exists a finite family {Vj)j^j of open disjoint subsets of E such that \dVj \ = 
for all j € J, |S \ \Jj^jVj\ = and, for every j G J, Wv{x) = in Vj with 
G M3X2. Define J„,^,g>i C Afr(S;E3) by 

^nAiix) ■■= if a; G Vj 

with ^ g given by (30). Taking Lemma B.5(i) into account (and recalling that v 
is locally injective), it is easy to see that *n,£,g is locally injective. Using (Pj) we 
can assert that 

I{-^n,e,q) < f R^Wo{\7•^n,e,q{x))dx for all n,e,q> 1. 

By Lemma B.5(ii) it is clear that for every i,q > 1, ^n,i,q — >■ u in L*'(E;M^). It 
follows that 

I{v) < lim /(^-n/^) < lim / RiWo{S7-^n e q{x))dx for all £,q > 1. 
Moreover, from Lemma B.5(iii) we see that 
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Hence 



lim lim lim / PiWo(V*„ ^ g(a;))dx = / TZ,+iWQ{'Vv{x))dx. 



I{v)< j ■Ri+iWo{Vv{x))dx, 
and the proof is complete. □ 
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